A DEPENDENT THEORY WITH FEW INDISCERNIBLES 
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^v^J _ Abstract. We continue the work started in |KS12] , and prove the following theorem: for every 

9 there is a dependent theory T of size 9 such that for all k and 8, k — > (<5) T 1 iff k — > (8)^" . 
' This means that unless there are good set theoretical reasons, there are large sets with no 

f*) • indiscernible sequences. 
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1. Introduction 

In the summer of 2008, Saharon Shelah announced in a talk in Rutgers that he had proved some 
very important results in dependent (NIP) theories. One of these was the existence of indiscernible, 
an old conjuncture of his. Here is the definition: 

Definition 1.1. Let T be a theory. For a cardinal k, n < us and an ordinal S, k — > (6) Tn means: 
■ for every set A C £" of size n, there is a non-constant sequence of elements of A of length 6 which 

> 

qq ■ is indiscernible. 

00 

In stable theories, it is known that for any A satisfying A = A' T ', A + — > (A + ) T n (proved by 
Shelah in |She90j . and follows from local character of non- forking) . The first claim of such nature 
was proved by Morley in [Mor65] for w-stable theories. Later, in |Shel2j . Shelah proved: 

Fact 1.2. If T is strongly dependent, then for all A > \T\, 3|t|+ (A) — ^ (^ + )tu f or a ^ n < UJ - 

| This definition was suggested by Grossberg and Shelah and appears in |She86| pg. 208, Defi- 

nition 3.1(2)], in a slightly different forrrH There it is also proved that such a theorem does not 
hold for simple unstable theories in general. So the natural generalization is to NIP theories, and 
indeed it is conjectured already in |She86[ pg. 209, Conjecture 3.3]. 

This conjuncture is connected to a result by Shelah and Cohen: in [CS09], they proved that 
a theory is stable iff it can be presented in some sense in a free algebra in a fix vocabulary but 
allowing function symbols with infinite arity. If this result could be extended to: a theory is 
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2 The definition there is: n — > (<5) n T if and only if for each sequence of length k (of n-tuples), there is an 

indiscernible sub-sequence of length S. For us there is no difference because we are dealing with examples where 

K y+ {fJ.) T . It is also not hard to see that when 6 is a cardinal these two definitions are equivalent. 
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dependent iff it can be represented as an algebra with ordering, then this could be used to prove 
existence of indiscernibles. 

Despite announcing it, there was a mistake in the proof for dependent theories, and here we 
shall see a counter-example. In the previous paper |KS12| . we have shown that: 

Theorem 1.3. There exists a countable dependent theory T such that: 

For any two cardinals /i < k with no (uncountable) strongly inaccessible cardinals in [/j,,k], 

K -» (m)t,1- 

And in this paper we improve it by: 

Theorem 1.4. For every 8 there is a dependent theory T of size 6 such that for all k and 5, 
k — > (S) T ^ iff k — y (S)^ . 

Where: 

Definition 1.5. k — > (6)f^ means: for every coloring c : [k] <u — > 9 there is a homogeneous 

sub-sequence of length S (i.e. there exists (cti\i<6) G d n and (c n \n < oj) G ^8 such that 
c (a io , . . .,a in _ 1 ) = c n for every i < . . . < i„_i < S). 

One can see that k — > (8)^ u implies k — > (d) T l5 so this is the best result possible. 

We also should note that a related result can be found in an unpublished paper in Russian by 
Kudajbergenov that states that for every ordinal a there exists a dependent theory (but it may 
be even strongly dependent) T a such that \T a \ = \a\ + Ho and Dq, ( 1 3^, | ) -/> (Ho) T 1 and thus seem 
to indicate that the bound in Fact 11.21 is tight. 

1.1. The idea of the proof. The example is a "tree of trees" with functions between the trees. 
More precisely, for all n in the base tree ^-2 we have a unary predicate P v and an ordering < l; 
such that (P v , < v ) is a discrete tree. In addition we will have functions G T; : — > P v ~ u\ for 
i = 0,1. The idea is to prove that if k (°')'g LJ then k (S) T 1 by induction on n, i.e. to prove 
that we can find a subset of Pq of size k without an indiscernible sequence in it. For k regular 
but not strongly inaccessible or k singular the proof is similar to the one in |KS12| : we just push 
our previous examples into deeper levels. 

The main case is when k is strongly inaccessible. 

We have a coloring c that witnesses that k -/» (S) g 10 and we build a model M c that uses it. In 
this model, the base tree will be to and not -2, i.e. for each n < ui we have a predicate P n with 
tree-ordering <„ and functions G n : P n — > P n +i- In addition, Pq C k. On P n we will define an 
equivalence relation E n refining the neighboring relation (x, y are neighbors if they succeed the 
same element) so that every class of neighbors (neighborhood) is a disjoint union of less than k 
many classes of E n . We will prove that if there are indiscernibles in P , then there is some n < w 
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such that in P n we get an indiscernible sequence {ti\i < 5) that looks like a fan, i.e. there is some 
u such that ti Atj = u and t{ is the successor of it, and in addition ti and tj are not E n equivalent 
for i ^ j. 

Now embed M c in a model of our theory (i.e. now the base tree is again "-2 ), and in each 
neighborhood we send every E n class to an element from the model we get from the induction 
hypothesis (as there are less than k many classes, it is possible). 

By induction, we get there is no indiscernible sequence in P and finish. 

1.2. Description of the paper. In Section [2] we give some preliminaries on dependent theories 
and trees. In Section [3] we describe the theory and prove quantifier elimination and dependence. 
In Section U we prove the theorem up to inaccessible cardinals, and in Section [3] we finish the 
proof. In Section |6] we explain some of the choices we made during the constructions and discuss 
strongly dependent theories. 

2. Preliminaries 

Notation. 

We use standard notation, a, b, c are elements, and a, b, c are finite or infinite tuples of elements. 
£ will be the monster model of the theory. 

S n (A) is the set of complete types over A, and S% c (A) is the set of all quantifier free complete 
types over A. For a finite set of formulas with a partition of variables, A (x; y), Sa(s;2/) (A) is the 
set of all A-types over A, i.e. maximal consistent subsets of 

{tp (x, a) , -itp [x, a) | <p (x, y) € A & a £ A ][]. Similarly we define tp^( 2 .^ (p/A) as the set of for- 
mulas ip (x, a) such that ip (x, y) € A and <t \= cp (b, a) . 

Dependent theories. 

For completeness, we give here the definitions and basic facts we need on dependent theories. 

Definition 2.1. A first order theory T is dependent if it does not have the independence property 
which means: there is no formula <p(x,y) and elements in (a,i,b s \i < u>,s C in <£ such that 
ip (ai,b s ) iff i e s. 

We shall need the following fact: 

Fact 2.2. [She90, II, 4] Let T be any theory. Then for all n < to, T is dependent if and only if 
□ n if and only ifdi where for all n < u>, 

□ n For every finite set of formulas A (x, y) with n = lg (x), there is a polynomial / such that 
for every finite set A C M \= T, \S A (A)\ < f (\A\). 

6 A means: a is a tuple of elements from A. 
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Trees. 

Let us remind the reader of the basic definitions and properties of trees. 

Definition 2.3. A tree is a partially ordered set (^4, <) such that for all a £ A. the set A <a = 
{x | x < a} is linearly ordered. 

Definition 2.4. We say that a tree A is well ordered if A <a is well ordered for every a £ A. 
Assume now that A is well ordered. 

• For every a £ A, denote lev (a) = otp (A <a ) — the level of a is the order type of A <a . 

• The height of A is sup {lev (a) | a £ A} . 

• a £ A is a root if it is minimal. 

• A is normal when for all limit ordinals 5, and for all a, b £ A such that 1) lev (a) = lev (6) = 
6, and 2) A <a = A < } )1 a = b. 

• If a < 6 then we denote by sue (a, b) the successor of a in the direction of 6, i.e. min {c < b \ a < 

• We write a < suc 6 if b = sue (a, b). 

• We call A standard if it is well ordered, normal, and has a root. 
For a standard tree (A, <), define a A b = max {c c < a & c < b}. 

3. Construction of the example 

The first order theory. 

The language: 
Let S be a standard tree, and let Ls be the language: 

V 2 . suc r,, pre^lim,, | rj, r? 2 € 5, r?i < suc 772 } . 

Where: 

• is a unary predicate, < n is a binary relation symbol, and suc^ are 2 place function 
symbols, G, n . I)2 , pre^ and lim^ are 1 place function symbols. 

Definition 3.1. Let L' s = {P v , < v , A ?) , G rjl . mi lim l; 1 77 £ S, 7/1 < suc 772 £ S} (i.e. L5 without pre 
and sue). 

The theory: 

Definition 3.2. The theory T| says: 

• (P v , < r; ) is a tree. 

• m^m^- P m n P ?2 = 0. 

• A r) is the meet function: x A, ; y — max{z £ P n \ z < n x<kz < n y} for x,y £ P n (so its 
existence is part of the theory) . 
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• suc^ is the successor function — for x,y G P v with x <„ y, suc^ (x,y) is the successor of 
x in the direction of y (i.e. the trees are discrete). The axioms are: 

- Vx < v y (x < v suc l; (x, y) < v y), and 

— \fx < v z < n sue,, (i,j)[z = iVz = sue,, (x, y)}. 

• lim^ (x) is the greatest limit element below x. Formally, 

- lim r; : P v -> Rf,, Vxlim,, ; (x) < n x. Vx < v y (\im n (x) < n lim n (y)), 

— Vx < n y (lim, ; (suc, ( (x, y)) — lim, ; (x)), Vxlim^ (lim^ {x)) = lim, ; (x). 

• Define that a; is a successor if lim„ (x) <„ x, and denote 



• (regressive) If 771 < suc 772 then G miV2 satisfies: G Vl ^ 2 : Suc(P^ 1 ) — > P V2 and if x < m y, 
both x and y are successors, and lim v (x) = lim^ (y) then G m ^ 2 (x) = G Vliri2 (y). 

Example 3.3. Assume that (M, <) is a standard tree. Then M has a natural structure for the 
language £{0} (where lim^ 1 (a) is the greatest element below a of a limit level). 

Model completion. 

Here we prove that this theory has a model completion. As models may be infinite, we cannot 
use Fra'isse's theorem. 

If Si,S2 are standard trees, we shall treat them as structures in the language {< SU c,<}, so 
when we write Si C S2, we mean that Si is a substructure of 5*2 in this language. Sometime we 
write <, sue instead of suc, ( , < I( or sucr% <^ where M and 77 are clear from the context. 

Remark 3.4. 

(1) Tg is a universal theory. 

(2) Tg has the joint embedding property (JEP). 

(3) If Si C S 2 then C and moreover, if M (= is existentially closed, M \ L Sl is 
an existentially closed model of Tg . 

Assume from now until Corollarv l3. 251 below that S is finite. 

Definition 3.5. 

(1) Suppose E is a finite set of terms from L$- We define the following closure operators on 



Sue (P v ) = {x G P n I lim,, (x) < v x } . 



• pre is the immediate predecessor function 




terms: 



(a) cl A (E) = E U U { A„ (E 2 ) 1 77 G S) = E U {t x A, t 2 \ ti,t 2 G E}. 

(b) cl G (E) = E U U {G m , m (E) 1 77! < suc V2 eS}. 

(c) cl Um (E) = E U U {Km,, (E) 1 77 G 5}. 
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(d) cl° (E) = cIg (cli; m (cl A (. . . (cIg (cli im (cl A (E))))))) where the number of compositions 
is the length of the longest branch in S. 

(e) cl suc (E) = U {suc„ (E 2 ) U prc r) (E) | v G S } U E. 

(f) cl(E)=cl°(cl suc (E)). 

(2) Denote cl^ -* = cl° and for a number k < ui, cl^ k ' (A) = cl (. . . cl (E)) where the composition 
is done k times. 

In the same way, if t = (ti\i < n) is an n-tuple of terms then cl (t) is cl ({ti \ i < n }). 
If S' C S, we define els' (E) by restricting all operations to those from Ls'- 

(3) For a model M \= T%, and a G M, define cl° (a) = (cl° (x)) (a) where x is a sequence of 
variables in the length of a. In the same way define cl A (a) , cln m (a) , clc (a) , cl suc (a) and 
cl^ (a). For a set A C M, define cl° (A) = cl° (a) where a is an enumeration of A, and in 
the same way the other closure operators. 

Claim 3.6. For A C M, cl (A) is closed under A^, lim,, and G nitri2 . So it is the substructure 
generated by A in the language L' s . 

Proof. It is east to see that cln m (cl A (^4)) is closed under lim^ and A,, for all r\ G S. 

For n < a, let cl„ (A) = clg (cli; m (cl A (. . . (cIg (clum (cl A (A))))))) where there are n composi- 
tions. For 77 G S, let r (rj) = r$ (rj) = \{y € S | v < rj}\, so cl = cLj^r,^ \i l;eS 1. Let B3 Abe the 
closure of A under these operations in M. Then B is in fact cl° (A) = (J {cl° (A) | n < cj }. One 
can prove by induction on r (rj) that B f] P v = cl^j (A) n P^. Hence £> = cl (A). □ 



Claim 3.7. For every k < lu, there is a polynomial /& such that for every finite A, 
fk(\A\). 



cl (fc) (A) 



< 



Proof. Obvious. □ 
Definition 3.8. 

(1) For a term i, we define its successor rank as follows: if sue and pre do not appear in t, 
then r suc (t) = 0. For two terms t u t 2 : r suc (sue,, (ti,t 2 )) = max{r suc (t±) , r suc (t 2 )} + 1, 
r suc (pre,, (ii)) = r suc (ti) + 1, r suc (ti A rj 2 ) = max{r suc (ti) ,r suc (t 2 )}, r suc (G ?)liI , 2 (*i)) = 
r suc (ii) and r suc (liim, (*i)) = r suc (ii). 

(2) For a quantifier free formula ip, let r suc be the maximal rank of a term appearing in ip. 

(3) For k < lu and an n-tuple of variables x, denote by Aj£ the set of all atomic formulas <p (x) 
such that for every term t in tp, t G cl (fe) (x). Note that since cl« (x) is a finite set, so is 
Af- 

Claim 3.9. Assume that M (= T| and a G M. Then cl (fc) (a) = {t^ (a) | r suc (i) < jfc } . 

Proof. Easy (by induction on k). □ 
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Definition 3.10. Assume that M 1; M 2 |= Tg and a G M 1; b G M 2 . For k < uj, we say that a = k b 
if there is an isomor phism of L' s from cl (fe) (a) to cl (fc) (6) taking a to 6. For 5' C S, denote a =f b 
when the isomorphism is of L' s , and from cl^P (a) to clJgV (6) . 

In this notation we assume that Mi, M 2 are clear from the context. 

Definition 3.11. For a G M \= Tg a finite tuple, A C M a finite set, and k < u>, let tp fc (a/A) = 
tPA f s (2;j/) ( a /^) wnere 2/ is °f length \A\. For S" C S, tpf (a/ A) is defined in the same way where 
we reduce to Ls> formulas. 

Claim 3.12. Assume Mi,M 2 |= Tg. Assume a e Mi, b £ M 2 and k < uj. Then a = k b iff 
tp fe (a) = tp fe (6) iff for every quantifier free formula ip (x) with r suc (y?) < k , 

Mi h V (a) & M 2 |= y (6) . 

Proo/. Assume a = fe 5 and / : c\ {k} (a) -> cl (fc) (b) is an Lg-isomorphism taking a to 6. It is easy 
to see that for every term t G cr" (i), / (t (a)) = t (b) , and so tp k (a) = tp fc (b) . 

On the other hand, if tp fe (a) = tp fc (6), then define / by: for every t £ cl (fc) (x), f {t (a)) =t(b). 
As the types are equal, / is well defined and is an isomorphism. 

The last statement is obviously strongly than the second one. The converse follows by Claim [331 
for every term t (x) with rank r suc (£) < k there is a term t' E cr- ' (x) such that Mi \=t' (a) = t(a). 
By induction on k and t, one can show that M 2 |= t' Cbj = t (Fj and that suffices. □ 

Similarly, we have: 
Claim 3.13. 

(1) if a =k b then there is a unique isomorphism that shows it. 

(2) Assume /c 2 > k±. Then a =k 2 b implies a = kl b . 

(3) If aa' =k bb' then a =k b. 

(4) If a =k+i b then cl (o) = k cl (b). 

(5) Claim l3~T2l and (1) - (4) are still true when we replace = k by =^ for 5" C S (with the 
obvious adjustments). 

Definition 3.14. For x < v y from P v in a model of Tg, we say that the distance between x and 
y is n if y is the n-th successor of x or vice-versa. We say the distance is infinite if for no n < ui 
the distance is n. Denote d(x,y) = n. 

Lemma 3.15. ( Quantifier elimination lemma) For all mi, k < u there is m 2 = m 2 (mi, k, S) < lo 
such that if: 

• Mi , M 2 |= Tg are existentially closed. 

• a e Mi and b G M 2 . 
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Then for all c G Mi there is some d G M 2 such that ca = mi db. 

Proof. Given S, it is enough to prove the lemma for k = 1, since we can define by induction 
m 2 (mi, k + 1,5) = m 2 (m 2 (mi, k, S) , 1, 5). 

The proof is by induction on |j5>|. We may assume that m 2 (mi, k, S') > max {mi, k, \S'\} for 
\S'\ < \S\ (by enlarging m 2 if necessary) . 

For \S\ = the claim is trivial because Tg is just a theory of a set with no structure. 

Assume < Let 770 be the root of S and denote Sq = {770} and S = {770} U(J {Si | 1 < i < k} 
where the S^s are the connected components of 5* above 779. Let 

m 2 = 777,2 (™i, lj S) = max {2m 2 (777,1, K, Si) 1 < i < k } + 2mi + 1 

where K is a natural number independent of mi, k and 5* that will be described below. 
Let Pg i = V {Prj \ 7 1 G &i )• Suppose M 1; M 2 , a and 6 are as in the lemma. 
Let / : cl'™ 2 ' (a) — > cl^ 1 ™ 2 -' (b) be the isomorphism showing that a = TO2 6 and we are given c. 
For 1 < i < k, let A, = cl (mi) (a) n P^ 1 and B t = cl (mi) (6) n Pg 1 . 

Since a = m . 2 6, it follows that c\ {m2< - mi ' K ' Si)) (a) = m2 ( OTl ,jf, Si ) cl (m2(mi ' K ' Sl)) (6) and in par- 
ticular Ai =„£j/ mi ^ when we think of Aj and P^ enumerated in a way that / witnesses 
this. 

We divide into cases: □ 

Case 1. c ^ P^ 1 for every 77 6 5. 

Here finding d is easy. 
Case 2. c e P^ 1 for some 1 < i < k. 

Ai =^j 3 / mi 5.) Pi, so by the induction hypothesis (and by Remark 13.41 (3)) we can 
find d G M 2 and expand / \ cl (mi) (A,) to /' : cl (mi) (cA 4 ) -> cl (mi) (dP;). It follows 
that 

/ rcl (mi) (o)U/' f cl (mi) (co) 

is an isomorphism from cr mi ^ (ca) to cl5 mi ' (do) that shows that ca = mi db (note that 
P^ 1 ncl (mi) (Sc) = A for j ^ i and that if x G cl (mi) (ac) nP^ 1 then x G cl (mi) (cAj), 
and so the domain is indeed cl^™ 1 ^ (ca)). 
Case 3. c G P Va ■ 

Let A = cl (0) (a) n P^ 1 , P = cl (0) (b) n P,^ 2 and 77, = min(S* 4 ) for 1 < i < k. 
Note that cl(A ) n P^ 1 = cl suc (A ) and the same is true for cl (0) (A c). Let P = 
cr ^ (A c) Pi P^/ 1 - For notational simplicity, let < be <^ , lim be lim^ and so on. 

The main idea is: 
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Say that an element of cl (mi) (A a c) n P vo = cl(™ l} (F) is new if it is a successor 
and not in cl^ 1 ™ 1 -' (Aq). If e is a new element, and it is in cl^ u ' c (F) for 1 < r, then as 
for 1 < i < k, the function G n0trii is regressive, there is some e' G cl suc (F) such that 
G na _ 71i (e) = G r;o . r)i (e'). By the case study below, there are at most K new elements in 
clsuc (F). Enumerate them by (q 1 1 < K) and denote their images by c\ = G ri0 _ rH (cj). 
Fix 1 < i < k. By assumption, Ai =^ 2 / mi jy s ) ^» (and / witnesses this), so by 
the induction hypothesis there is d\ € for I < K such that (c\\l < Ai =^ 
(d\\l < K) E>i as witnessed by some isomorphism c/i extending / \ Ai. By choice of 
m,2 it follows (see below, in the division to subcases) that we can find a model of T{ Vo y, 
M' 3 2 P^ 2 and some d! S Mg such that / f Ao can be extended to some /' showing that 
Aqc Bod' (we may assume that Mg is the minimal structure generated by P^ 2 and 
d'). Let M 3 be a model of T| satisfying P^ 3 = P r ^, M 3 2 M 2 and G Vo<ni (f (q)) = d\ 
(for Z < fc and 1 < i < k). It exists — all we need to check is that G V(hVi is well defined, 
but this is clear because A c B d' and (cj | Z < K) Ai =^ 1 (d\ \ I < K) Bi. 

Now it is easy to see that 

/ r cl (mi) (g) U /' U |J [ 9l \ cl (mi) (oc) 1 < i < k } 

is the isomorphism extending / \ cl'" 11 ^ (a). So ca = mi i.e. tp mi (ca) = tp TO1 (<i'fe), 
and if is the conjunction of all formulas appearing in tp mi (ca) then M3 \= Elx^ (xb) . 
As M2 is existentially closed there is some d £ Mi such that "J" (d6) , i.e. cd = mi db. 

Now we shall analyze the different subcases and show that there really is a bound K 
for the number of new elements in cl suc (Ac) and that we can find d' as above. 
Case i. c £ A$: obvious — there are no new elements. 

Case ii. c is in a branch of Aq, i.e. there is c < y £ Ao and assume y is minimal in 
this sense. We again divide into cases: 
Case a. There is no x £ Aq below c. The new elements from cl suc (F) are 
contained in D = {c, pre (c) , sue (c, y) , sue (lim (c) , c)}. Now it is 
easy to see that d! and M' z exist (note that here y = lim (y)). 
Case b. There is some x e A such that x < c. Assume x is maximal in 
this sense. New elements again come from D. 
If lim (x) < lim (y) then necessarily lim (x) < x < c < lim (y) = y 
and finding d! and M3 is easy. 

If, on the other hand, lim (x) = lim (y) , we must make sure that 
the distance between / (x) and / (y) is big enough, so that we can 
place a" in the right spot between them. In cl<™ l} (F) \ cl<™ l} (A ) 
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we may add mi successors to c in the direction of y and rci\ 
predecessors. This is why we chose m 2 > 2mi + 1. 
Case hi. c starts a new branch in Aq, i.e. there is no y 6 Aq such that c < y. In 
this case, let c' = {max (c Ab)\b £ Aq}. Note that if there is an element in 
cl A (Aqc) \Aqc, it must be c'. Adding c' falls under Subcase|w] (if it is indeed 
new), so the new elements will be those which come from c' as before, and 
perhaps 

{c, pre (c) , sue (c', c) , sue (lim (c) , c)} . 

By the previous case, we can find Mg 2 -P^ 2 and d" G Mg' such that 
c't4 = mi d"B , and then we can find Mg D Mg and d! g Mg such that 
cAo = TOl d'-Bo and we are done. 

Claim 3.16. For every formula tp (x) (with free variables) there is a quantifier free formula ip (x) 
such that for every existentially closed model M \= Tg, we have M \= ijj = p. 

Proof. It is enough to check formulas of the form 3ytp (y, x) where (p is quantifier free and lg (x) = 
n>0. Let k = r suc (ip). Let m = m 2 (k, 1, S) from LemmaEHl By Claim EH if M X , M 2 \= T| 
are existentially closed and a S Mi, 6 G M 2 are of length n and a = m b, then Mi \= Byip (y, a) iff 

m 2 ^ayvj M)- 

Assume |AJjJ = A and let {ipi \ i < N} be an enumeration of A^. For every r\ : N — » 2, let 
V™ (^) = A*<at <Pi' (l) 0) (where p" = -,<p and V3 1 = tp). 
Let 

i? = {tj : N -> 2 | 3 e.c. M |= & 3c e M (M \= tp™ (c) A 3yp (y, c)) } . 
Let V 1 (S) = V^ei? 1 * 9 ™ (^)- -By Claim [3~12l it follows that ?/) is the desired formula. □ 

Corollary 3.17. If M\ and M 2 are two existentially closed models ofTg then Mi = M 2 and their 
theory eliminates quantifiers. 

Proof. Assume first that Mi C M 2 , then Mi -< M 2 : for formulas with free variables it follows 
directly from the previous claim, and for a sentence tp we consider the formula tp A (x = x). 

Now the corollary follows from the fact that the theory is universal (so every model can be 
extended to an existentially closed one) and has JEP. □ 

Definition 3.18. Let Ts be the theory of all existentially closed models of T$. This is the model 
completion of Tg . 
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Dependence. 

Now let us prove that T$ is dependent. 

Definition 3.19. Assume A C M \= T$ is a finite set and k < w. 

(1) We say that a,b £ M are fc-isomorphic over A, denoted by a =A,k b iff aA =k bA (i.e. there 
is an isomorphism / : cl'*^ iflA) — > cY- k ' (bA) of L' s taking a to b and fixing A point-wise). 

(2) Similarly for tuples from M <UJ . 

(3) Similarly for 5" C S, and we shall write a =^ k b for aA =f bA. 

Claim 3.20. Assume M \= T%, k < w, A C M is finite and a,b £ M. Then a =A,k b iff 
tp fe (a/A) = tp fc (b/A) iff for every quantifier free formula over A, (p(x) such that r suc (</?) < k, 
M \= ip (a) <r> <p (b) . The analogous claim is true for every S' C S when we reduce to Lg' formulas. 

Proof. Follows from the definitions and from Claim l3~T2l □ 

Claim 3.21. Assume \S\ = 1 and k < lu. Then there is a polynomial / such that for every finite 
set AC M, \{M/ = A ,k}\<f(\A\). 

Proof. As \S\ = 1, we can forget the index r/ and write <,lim, etc. instead of <^,lim^, etc. 
Given a < b £ M, the fc-distance between them is defined by 
dk (a, b) = min {d (a, b) , 2k + 1}. 
Assume a £ M and A C M is finite. 

Let B = cl° (A), and enumerate B by {bi \ i < I }. Recall that I < fo (\A\) (see Claim [3~7| . hence 
it is poly normally bounded. 

The following data is enough to determine the fc-isomorphism type of a over A. 

(1) Is a £ P or not? 

(a) If not, then it is enough to know whether a £ B, and if yes, for which i < I is it that 
a = bi. 
If yes: 

(2) What is the fc-distance between a and lini(a)? 

(3) Is there some i < I such that a < bi? 

If yes: 

(a) Is a = bi? if not, what is the minimal element such that this happens (recall that B 
is closed under A, so if there is some i < I such that a < bi, there must be a minimal 
one). Call it 6j. 

(b) Is lim(o) = lim(&i)? 
If yes: 

(i) What is the fc-distance between a and bi? 

(ii) What is the maximal bj such that bj < a? 
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(iii) What is the fc-distance between a and bp. 
If not (i.e. lim(a) ^ lim(6j)): 

(i) Is there some bj such that bj < a? 
If yes: 

(A) What is the maximal such bp. 

(B) Is it true that lim (a) = lim (bj)? If yes what is the fc-distance between a 
and bj? 

If not (there is no bi): 

(a) Let a' = max {a A bi | i < I}. 

(b) Give the same information for a' (of course a' is smaller than or equal to some bi). 
There is a polynomial bound on the number of fc-isomorphism types for a' (by the 
analysis above). 

(c) Is it true that lim (a) = lim (a')? 

(i) If yes, what is the fc-distance between a and a'? 

That is enough. Since the number of possible answers for every question is polynomially bounded 
(in k and I), there is such a polynomial. □ 

Claim 3.22. For every S the following are equivalent: 

(1) T$ is dependent. 

(2) For k < w there is a polynomial / such that for every model M (= T and finite ACM, 
\{M/ =A,k}\<f(.\A\)- 

(3) For all k, n < w, there is a polynomial / such that for every model M (= T and for every 
finite A C M, \{M n / = A , k }\ < f (\A\). 

Proof. The claim follows from Fact 12.21 

Let A C M \= T s be finite. Then a = A .k b iff tp fe (a/A) = tp fe (b/A) (by Claim \3/2Q§- So (2) 
is equivalent to the claim that there is a polynomial bound on the size of S^v^.^ (A) (where 
lg(y) = 1^1) m terms of |^4| when lg(x) = 1, and (3) for \g(x) = n. Hence (I) obviously implies 
(2) and (3). 

Let A be a finite set of formulas in xy. By quantifier elimination, we may assume that A is 
quantifier free. Let k — max{r suc (ip) \ tp £ A } and m = \S&(x;y) (A)\. Let {cj | i < m} be a set 
of tuples satisfying the all the different types in S&(x;y) (A) in some model of T$. If i =/= j then 
tp* (di/A) tp k (cj/A) (by Claim E3DJ), so m < |{M lg ^)/ =A,k}\, and hence (2) and (3) imply 
(1) by FactO □ 



Corollary 3.23. Ts is dependent. 



A DEPENDENT THEORY WITH FEW INDISCERNIBLES 13 

Proof. The proof is by induction on \S\. For \S\ = 1 it follows from Claim EOT! and Claim [2221 
(and for | jS" | =0 it is obvious). 

Assume 1 < \S\, and we shall show (2) from Claim [3T2TI Assume we are given k < w. 

Let ?7o be the root of S and let S = {rjo} U (J {Si | 1 < i < m } where the Sj's are the connected 
components of S above 770- Denote So = {?7o}j & n d Psi = V (Fv I V G Si )■ Let 77, = min (Si). 

Assume A C M j= T s is finite and a G M. Let F = cl (0) (A), A = B n P* 7 and for every 
1 < i < m let Ai = cl (,c) (A) n Pjf . 

As in the proof of Claim I3.21[ the data below suffice to determine the fc-isomorphism type of 
a over A. In every stage there is a polynomial bound (in terms of \A\) on the number of possible 
answers. 

• Is it true that a £ B7 If yes, then determine which element (after choosing an enumeration 
of B as in Claim GUI]). 

• Is there some 77 G S such that a £ P^ 1 ? If not, we are done. If yes which is it? 

• If 77 G Si for some 1 < i < m, then what is tp fe ; (a/Ai)? Since \Ai \ is polynomially bounded 
in terms of \A\, the number of types is polynomially bounded. 

This information is enough in this case, since if tp^ (a/Ai) = tp fc i (b/Ai), then a =A it k b 
(by Claim [3T20f . so there is an isomorphism /' : cl^ (Aid) —> cl^' (Aib) taking a to b and 
fixing At. Define / : cl (fc) (Aa) -)• cl (fe) (Ab) by 

(/' r cl (fc) (Aa) n P|f) U (id r cl (fe) (A)) . 

This is an isomorphism. 

• If 17 = 770, then the following data will suffice: 

— tpf° (a/A ). 

— An enumeration (t\ (x) \ I < K ) (perhaps with repetitions) of terms of successor rank 
< 1 over Ao such that {ti (a) 1 1 < K } lists all the new elements in cl suc (F) where 
F = cl (0) (A a) (exactly as in the proof of Lemma T3.151 and see below). 

— tpf ; ((a] 1 1 < K) /Aij where a\ = G mur]i (ti (a)) for I < K. By induction and by 
Claim [3.22| there is a polynomially bound in \Ai\ of the number of possible types 
(and \Ai\ itself is polynomially bounded in \A\). 

Explanation: 

As in the proof of Lemma [XT51 we say that an element of cl (fc) (A a) n = cl^ c (F) 
is ?7,e?i; if it is a successor and not in cr fe ' (Aq) n P^ . If e is a new element in cL^ c (F) 
for 1 < i, then, by the fact that G Vo . Vi is regressive, there is e' G cl suc (F) such that 
@vo,Vi ( e ) = Grio.vi ( e ')- -By that proof, there are at most K new elements in cl suc (F) for 
some constant K . 
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Assume b € M gives the same information listed above. Then b k a and let 
/o : clg (aAo) — > clg (bAo) be a witness of that. We also know that fo (t; (a)) = ti (b) 
and that there are isomorphisms fa : cl (fc) ((of | Z < if) A,) -> cl (fc) ((&{ | Z < If) A,) fixing 
Ai (where b\ = G VOiVi (t, (6))). Then 

id t cl (fc) (A) U/oU |J (/, r S k} (Aa) n P S M ) 

l<i<m 

is the required isomorphism. 

□ 

The following remark implies that the theory T5 is not just dependent but strongly dependent 
and more. We shall come back to it in Section |U 

Remark 3.24. By closely inspecting the proof, we see that the polynomial we get as a bound 
for the number of A-types over a finite set A in terms of |A| has the property that its degree is 
independent of A (but depends on S and the number of variables). More formally, the degree 
of the polynomial that bounds the number of =A,k classes in M n in terms of |A| does not 
depend on k. To see that, note that this is true for fi^ and \S\ < 1 (by the proof of Claim 
I3.2ip . and continue by induction on 151 (by the proof of Corollary 13. 23 j) and n. Note that by the 
quantifier elimination lemma (Lemma 13. 15(1 . one can choose f n +i.k (x) = (x) ■ f n ^ {x + 1) for 
some k' > k. 

Now we stop assuming that S is finite. 

Corollary 3.25. If M |= T| then since 

Th (M) = |J {Th (M \ L Sa ) I So C Sk \S \ < H } , 

by Remark \3.4\ Corollary \3.17\ is true in the case where S is infinite. So T5 is well defined in 
this case as well and it is in fact [J {Ts \ So C S & \Sq\ < Ho }. It eliminates quantifiers and is 
dependent. 

Adding Constants. 

We want to find an example from every cardinality, and so we add constants to the language. 
For a cardinal 9, the theory Tj will be T5 augmented with the quantifier free diagram of a model 
of Tg of cardinality 6. Formally: 

Definition 3.26. For a cardinal 8, let L e s = L5 U {c, h i \ i < 9, T) £ S} where {c n ^} are new con- 
stants. Let Tg' be the theory Tg with the axioms stating that for all 77, 771 , 772 6 S and i, j, i'j' < 9 
such that 771 < suc 772, 
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• i =^= j , i ^ j =^ c^ j A ? y Ct/,j Ajj c^jj' , 

• ^suc 771,772 (^?7l)V — ^^72^' 

• lim,, (c^ ; j A c,,,^) = c, (i i A c v .j and 

• SUC^ (Cr/,i A Cr/,ji ^f),i) 

Corollary 3.27. X'g' 6 ' /ias a model completion — T| — that is complete, dependent and has 
quantifier elimination. This means that Tg' has JEP and the amalgamation property (AP). 
Moreover, given any model M |= T%, th ere is a model M' |= T s ' satisfying M' \ L$ 2 M . 

Proof. Let T| ~ Ts U Tg' e . Since we only added constants, Tj is dependent and has quantifier 
elimination. It is complete since the axioms specify exactly what is the quantifier free diagram of 
the structure generated by the constants. 

The fact that Tg' a has JEP and AP now follows from the fact that any model of it can be 
extended to an existentially closed one. 

The "moreover" follows from JEP for Tg. □ 

4. The main theorem 
From now on set S = UJ> 2. Here is the main theorem: 

Theorem 4.1. For every cardinal 6, T| satisfies: for every cardinal n and limit ordinal S, n — > 
(*)t,i W- 

Let us get rid of the easy direction first: 

Proposition 4.2. // n — > (5)^ then for every theory T of cardinality \T\ < 8, k — >• {S) T1 . 

Proof. Let (a; | i < k) be a sequence of elements in a model M \= T. Define c : [k] <u3 — >• L (T)U{0} 
as follows: 

Given an increasing sequence n <G k <w , if lg (77) is odd, then c (w) = 0. If not, assume it is 2k 
and that r\ = (a^ | i < 2fc). If a ao . . . a ak l = a Qfc . . . a a2fc l then c (77) = 0. If not there is a formula 
ip (xq, . . . , a^-i) such that M \= 99 (a Qo , . . . , a Qt l ) A -199 (a afc , . . . , a a2 fc-i) j so choose such a ip and 
define c(ry) = 99. By assumption there is a sub-sequence (a ai | i < 5) on which c is homogeneous. 
Without loss, assume that cti = i for i < S. 

It follows that (eii I i < 8 ) is an indiscernible sequence: 

Assume not, and that io < i'i < . . . < i2/c-i < 5 and <Zi . . . ai fc _ 1 ^ a% k . . . (H 2h l . 

Then there is a formula ip such that c ({i^, . . . , i3fc-i)) = c((io, . . . , «2fc-i)) = ¥>, meaning that 



A/ ^^(oio,...,^^) A-«p {a ik ,...,a i2k _ ± ) 
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and 



M t=¥>(ai fc ,...,ai 2fe _ 1 ) A^cp(a i2k ,...,a i3k _ 1 ) 

— a contradiction. 

Let j < 5 be greater than k and Then dj . . . ai fc _ 1 = a,j . . . aj+k-i = &o ■ ■ ■ o-k-i and we are 
done. □ 

Before starting with the difficult direction let us introduce some notation: 

Notation 4.3. Assume M \= Tg and x,y e P™ . 

(f ) When we say indiscernible, we shall always mean indiscernible for quantifier free formulas. 

(2) We say that x = (mod uj) when x = lim(a;). For n < uj, we say that x = n + 1 
(mod uj) where x ^ lim^ (x) and pre^ (x) = n (mod uj). Note that for a fixed n, the set 
{x | x = n (mod uj) } is quantifier free definable. In addition, if the trees are well ordered 
as in Example 13.31 then for every x there is some n < uj such that x = n (mod uj) (where 
n is the unique number satisfying lev (x) = a + n for a limit ordinal a). 

(3) Say that x = y (mod uj) if there is n < uj such that x = n (mod uj) and y = n (mod uj). 

The proof uses the following construction: 
(7k-) Assume S' C S is such that v G S' =^ v f k G S' for every fc < lg (z/). Assume AT |= T^f 
and that for every v 6 5", if z/" (e) ^ 5" for e e {0, 1}, we have a model |= T^' e . 
We may assume all models are disjoint. We build a model M \= Tg' e such that M \ 
L s , D N and: for every v G 5" and e G {0, 1} such that i/" (e) ^ S" and for every r\ G S", 
PM...* = P^ 1 " . In general, for every symbol from Lg, let ii^C, . = R^ 1 " . For 



instance, c A i, . - . = c^" and G A i , », = GmV for 771 < suc ?72- 

f (e) ' f (e) 1)1, v (e) r; 2 



The last thing that remains to be defined is G M * , . . After we have defined it, A/ is a 
model. Moreover, for every tuple a G and for every quantifier free formula ip over L s , 
there is a formula ip' generated by concatenating v" (e) to every symbol appearing in ip 
such that (= (a) iff ill |= 99' (a). In particular, if / C Ml is an indiscernible sequence 
in M, it is also such in M%. 

Proof, (of the main theorem) We shall prove the following: for every cardinal k and limit ordinal 
8 such that k -» {6)f", there is a model M \= Tg' and a set A C P^ 7 of size |A| > k with no 
non-constant indiscernible sequence in (^4). That will suffice. 

The proof is by induction on k. Note that if K -/> (8)^ then also A {8)^ for A < n. The 
case analysis for some of the cases is very similar to the one done in |KSI2| , but we repeat it for 
completeness. 

Divide into cases: 
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Case 1. k < 9. Let M \= Tg fi be any model and A = jc^ | i < 9 j. 

Case 2. k is singular. Assume that k = |J {A^ | i < cr } where a < k and Ai < k for all i < a. 

Assume that iVo,Ao are the model and set given by the induction hypothesis for a. 
For all i < cr, let M i7 Bi the models and sets guaranteed by the induction hypothesis 
for Xi. Let N-y be a model of T^' e containing M, as substructures for all i < a (it exists 
by JEP) and A x = \J{B l \i < a}. 

Assume that {a; | i < a } C Aq and that {bj \ [J {A/ \l < i} < j < Xi} C Bi are enu- 
merations witnessing that \Aq\ > \B%\ > -^AU {^i M < «}• 

Define M' |= P { v ()} as follows: P ( -^ = k, <^ =6, and this is a model as in Example 

GEO 

Let TV (= be a model such that N f L {()} D M' . Use (*) with MR = N and 
Ml = N\, and define the functions Gq ,( ) and G().(i) as follows: For a limit a < k and 
< n < uj, define G^ (0) (a + ra) = a min{i<(T | Q<Aj } and G|^ m (a + ra) = fe Q . 

Let A = re = PM . Assume that (f3i\i < S) is an indiscernible sequence contained 
in A. 

Obviously it cannot be that f3i < /3q. Assume that (3q < There are limit 

ordinals cti and natural number n, such that /3j = on + rii, i.e. Pi = n.j (mod w). By 
indiscernibility, rii is constant, and denote it by n. So (sue (02i, 02i+i) = P%i + 1 1 « < <5) 
is an indiscernible sequence of successor ordinals. 

(G().(o) (/?2i + 1) | i < <5) must be constant by the choice of Aq, and assume it is a,i 
for io < cr. It follows that u-ii S Aj \ (J {A; Z < «o }. This means that Ga m {hi + 1) = 
b a2i £ Bi Q for all i < cr, and so a2i must be constant. This means that (P%i | i < 5) is 
constant — a contradiction. 
Case 3. k is regular but not strongly inaccessible. Then there is some A < K such that 2 A > k. 

Let Ma |= T^' 6 and Aq C P^° be from the induction hypothesis for A. Assume that 
2 {«i | i < A } where a,; ^ for i =/= j. 

Let M' h T { V {)} be sucn that P^' = A -2 ordered by first segment. We give it a 
structure of TYq-, as in Example 13.31 

Let N \= J/Ai be any model such that A f £{()} 3 M'. We use the construction 
(*) to build a model M \= T| using N and Mjj = Ml = Mo: we need to define the 
functions Ga/qn and Gam: 

For / 6 P^ 7 such that lg (/) = a + n for some limit a and n < u>, define G^j ^ (/) = 
a Q . There are no further limitations on the functions G^w * and G% m as long as they 
are regressive. 

Let A = A -2 = P^ 7 . Assume for contradiction that (/j | i < S) is a non-constant 
indiscernible sequence contained in A. 
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It cannot be that fx < fo, because by indiscernibility, we would have an infinite 
decreasing sequence. 

It cannot be that fo < fx- In that case, (/,* | i < 5) is increasing. For all i < 5, let 
gi = sue (/2i, /2i+i)- The sequence (gi \ i < S) is an indiscernible sequence contained in 



contained in Aq — a contradiction. 

Denote hi = fo A fi + \ for i < 6. This is an indiscernible sequence, and by the 
same arguments, it cannot decrease or increase. But since hi < fo, it follows that hi is 
constant. 

Assume that / A fx < fx A f 2 , then fx A f 2 < fi A / 3 and so f 2i A f 2l+1 < /2(i+i) A 
/ 2 (i+i)+i for all i < 6, and again — (f 2 i A f 2 i+i) is an increasing indiscernible sequence 
— we reach a contradiction. 

Similarly, it cannot be that /o A /i > /i A f 2 . As both sides are smaller or equal to 
/i, it must be that 



But this is a contradiction (because if a = lg (fo A f\) then |{/o (a) , /i (a) , fi (a)}! = 3, 
but the range of the functions is {0, 1}). 



Case 4. k is strongly inaccessible. With this case we shall deal in the next section. 



Assumption 5.1. Assume from now on that 8 < k is strongly inaccessible and that k -** (S) e u . 

This means that for all A < k, A (5)^, so we may use the induction hypothesis in the proof. 

First let us define an abstract class of structures and analyze indiscernible sequences in it. Then 
we shall apply the analysis to a specific structure. This structure will be used when we return to 
the proof. 

Again, throughout this section, indiscernible means "indiscernible for quantifier free formulas". 

Analysis of indiscernibles in 7". 

We introduce a class of models of T^, and then we shall analyze indiscernible sequences in them. 

Definition 5.2. Let T be the class of models M \= that satisfy 

(1) For all n < uj, (P n , <) is a standard tree, and we give it structure as in Example 13.31 

(2) For t <E P n , lev (G n ,n+i (t)) < lev (t). As here S = uj, we denote G nj „+i by G n . 

(3) G n : Sue (P„) — > Sue (P„) (i.e. we demand that the image is also a successor). 




/oA/ 2 = / A/i=/.A f 2 . 



□ 



5. The inaccessible case 
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(4) If (sj | i < 8) is an increasing sequence in Suc(P„) such that Sj = Sj (mod ui) for all 
i < j < S then i < j =>• G„ (s ? ) ^ G„ (sj). 

Notation 5.3. For M £ T, 

(1) We say that s,t £ P n are neighbors, denoted by tE nh s when {x | x < t} = {x | x < s}. 
This is an equivalence relation. As P n is a normal tree, for t of a limit level its S nb -class 
is {t}. 

(2) For all M £ T, let Sue (M) = \J {Sue (F,f ) n < uj }. 

We need the following generalization of indiscernible sequences for 7": 

Definition 5.4. A sequence s = (sj | i < S) is called Nearly Indiscernible (in short 7VI) if 

(1) There is n < u> such that for all S* < S every sub-sequence /s^ |j < 5*) such that 
ij +n < ij+\ is indiscernible with the same quantifier free type. We call this property "the 
sub-sequence property". 

(2) For i,j < S and k < u, tp qf (si, . . . , Si+fc) = tp qf (sj, . . . , Sj+fc)- We call this property 
"sequential homogeneity". 

Definition 5.5. A sequence s = (sj | i < 5) is called Hereditarily Nearly Indiscernible (in short 
HNI) if: 

For every term a [xq, . . . , x„_i), the sequence t = (ti \ i < 5) defined by ij = cr (s 2 ;, . . . , Si+„_i) 
is NI. 

Example 5.6. If s = (s, | i < 6} is indiscernible, then it is HNI. 

Proof. If U = a (sj, . . . , Si-|- n _i), then any sub-sequence of f where the distance between two 
consecutive elements is at least n is an indiscernible sequence (with a constant quantifier free 
type). 

Note that for a quantifier free formula tp, 

ip (ti, . . . , t t+k ) = ip (a (si, . . . , s i+n -i) , . . . , a (s,:+fc, . . . , s i+n+ k~i)) ■ 
Let i, j < S. As tp qf (s^ s i+n+k -i) = tp qf (sj, . . . , Sj +n+k -i), it follows that 

tPqf {ti, ■ ■ ■ , ij+fc) = tp qf (tj, . . . , tj + k) ■ 

□ 

Notation 5.7. 

(1) s and f will denote 5-sequences, e.g. s = (sj | i < 5). 

(2) If there is some n < u> such that s is contained in P^f , then we write < instead of <„ etc. 
Definition 5.8. Assume M G T. 
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(1) ind (M) is the set of all non-constant indiscernible sequences s G 5 Suc (M). 

(2) HNind (M) is the set of all non-constant HNI sequences s 6 5 Suc (M). 

(3) ai(Af) is the set of sequences such that there exists some n < uj with s G *(-f^) and 
Si A Sj+i < Sj+i A (ai means almost increasing, note that if s is increasing then it is 
here) . 

(4) ind/ (M) is the set of all sequences s G ind (AI) such that SiAsj is constant for all % < j < 5 
(f comes from fan). 

(5) indj (M) is the set of all increasing sequences s G ind (AI). 

(6) ind ai (AI) = ind (M) n ai (M). 

(7) Define HNind/ (M), HNindi (M) and HNind a ; (M) in the same way, but we demand that 
the sequences are HNI. 

From now on, assume M G T. 

Remark 5.9. If s G ai(Af), then s, A Si+ n = s% A Sj+i for all 2 < n < uj and i < 5 (prove by 
induction on n). 

Proposition 5.10. HNind (A/) = HNind ai (M) U HNind/ (M). 

Proof. Assume that s G HNind (M). Since 5 is NI, there is some n < uj that witnesses the sub- 
sequence property. As for i < j < k, Si A Sj is comparable with Sj A Sk, by Ramsey, there is an 
infinite subset A C w that satisfies one of the following possibilities: 

(1) For all i < j < k G A, s, A Sj = Sj A Sfe, or 

(2) For all i < j < k G A, s< A Sj < Sj A s k . 

(note that it cannot be that Sj A < A s,' because the trees are well ordered) . 
Assume (1) is true. 

It follows that if i < j < k < I G A then Sj A Sj = Sj A Sfe = Sf~ A s;. If n < j — i, fe — j, i — fc, 
then by the choice of n, the same is true for all i < j < k < I < 8 where the distances are 
at least n. Moreover, given i < j, k < I such that n < j — i and n < I — k, then Sj A Sj = 
s max{j,i}+7i A s m ax{j./}+2nj an d the same is true for Sk A s;. It follows that s, A Sj — Sk A s;. 

Choose some < i < n. 

Assume for contradiction that Sq A Sj < A s 2 i, then by sequential homogeneity {s ia \ a < 6) G 
ai (M). In this case, by Remark 15.91 s A Sj < Sj A S2i = s i A s„j_|_j. But s A s ni+i = Sj A s„ i+i , 
and so on the one hand sq A s; < so A s„j+i, and on the other so A s n i+i < Sj — together it's a 
contradiction. 

It cannot be that sq A Si > Sj A S2i since the trees are well ordered. 
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So ( again by the sequential homogeneity) it must be that sq A Sj, — S, A S2i — ... — s n i A s n j_|_j. 

50 necessarily so A s,; < sq A s Il? ; , but in addition so A s„i = sq A s„i+i (since the distance is at least 
n) and so s As, = s ni A s ni+i > s A s m , and hence s A s % = s A s nl = s A s„. 

It follows that Si A Si 0+ i = Sj A Si 0+ „ = so A s ra for every i$ < <5. This is true for all i such 
that io + i < S and so Si A Sj = so A s n for all i < j < 5. So in this case s £ HNind/ (M). 

Assume (2) is true. Assume that i < j < k £ A and the distances are at least n. Then, as 

51 A sj < sj A Sk-, it follows from the sub-sequence property that {s na \ a < 6) £ ai (M) and that 
(so, s n+1 ,s 3n , s 4n , . . .} G ai (M). In particular, by RemarkEH s A s n = s A s 3n = s A s n+1 . 

If sq A si < si A S2, then s G HNind a i (M) by sequential homogeneity and we are done, so 
assume this is not the case. 

It cannot be that so A si > si A S2 (because the trees are well ordered). 

Assume for contradiction that so A s\ = Si A S2- By sequential homogeneity it follows that 
•So Asi = s n As n+ i. We also know that sqAs„ = sq As n _|_i, and together we have sq Asi = sq As„+ i, 
and again by sequential homogeneity, s n A S2 n +i = s n A and so s n A S2 n +i = A s n — a 

contradiction (because the distances are at least n). □ 

Definition 5.11. Define the function H : HNind a i (M) —> HNind (M) as follows: given s G 
HNindai (M), let H (s) = t where ti — G (sue (lim (s^ A s^+i) , s^+i))- 

Remark 5.12. iJ is well defined: if s G HNind ai (M) then ff(s) is in HNind (M). This is be- 
cause t = H (s) is not constant — by clause ([J| of Definition 15.21 (it is applicable: the sequence 
(sj A s;+i | i < 5) is NI and increasing, so there is some n < uj such that s; A s^+i = n (mod u) 
for all i < 5, and hence (lim (si A Si + ±) \i < 5) is increasing). 

Corollary 5.13. Let s G HNind ai (A/). If for no n < w, ffM (s) G HNind/ (M), then for all 
n < ui, H^ n ' (s) G HNind a i {M). Moreover, in this case there exists some K < io such that for all 
n > K, ifi= (s) then sue (lim (U A t i+ i) ,U) = t t . 

Proof. By Proposition l5.101 it follows by induction onii<w that (s) G HNind a i (M) and so 
# (s) is well defined. 

For n < oj, let s n = H^ n > (s), and let us enumerate this sequence by s n = {s n ,i \ i < 5). 

lev (lim (s„.o A s„.i)) < lev(s n! o) because lev (s nj o) is a successor ordinal (by clause ([3]) of 
Definition 15. 2p while lev (lim (a;)) is a limit for all x G M. 

So lev (sue (lim (s„ ; o A s rii i)) , s nj i) < lev (s„,o), and so by clause @ of Definition 15. 2[ 

(lev(s„, ) \ n <uj) 

is a <-decreasing sequence. 

Hence there is some K < uj and some a such that lev (s n ,o) = a f° r au K ^ n - Assume without 
loss of generality that K = 0. 
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Let n < oj. We know that 

lev (s„ + i >0 ) < lev (sue (lim (s„, A s„,i) , s nj i)) = 

= lev (sue (lim (s n ,o A s„,i) , s n ,o)) 
< lev(s„ !0 ) 

But the left side and the right side are equal and sue (lim (s„ o A s n ,i) , s n ,o) < Sn,o, so 

sue (lim (s„ i0 A s„,i) ,s„ )0 ) = s„,o- 
By sequential homogeneity, sue (lim {s n .i A s„.i + i) , s n .i) = s n ^ for all i < S as desired. □ 

Constructing a model in T. 

By Assumption l5.il we have a coloring c : [k] <l ° — >• that witnesses the fact that k -t* (S)g. Fix 
c, and also a pairing function (a bijection) pr : 6 X 9 — > 6 and projections 7Ti , 7T2 : — ► (defined 
by the equations 7Ti (pr (a, /?)) = a and 7T2 (pr(a,/3)) = /?). For us. is considered to be a limit 
ordinal, and for an ordinal a, let Lim (a) = {/3<a|/3isa limit}. 

Definition 5.14. P = Pe, K is the set of triples p = (d, M, E) = (d p , M p , E p ) where: 

(1) M is a model of as in Example O and M = P M (i.e. M is a standard tree). Some 
notation: 

(a) We write < p instead of <J // etc., or omit p when it is clear. 

(b) Let Sucii m (M) be the set of all t € Sue (M) such that lev (t) — 1 is a limit. 

(2) £ is an equivalence relation refining E nh . Moreover, for levels that are not a + 1 for limit 
a it equals E nh . By normality E is equality on limit elements, so it is interesting only on 
Suc lim (Af). 

(3) For every E nh equivalence class C, \C/E\ < k. 

(4) d is a function from {?/ G w> Suci im (M) 1 77 (0) < . . . < 77 (lg (77) - 1) } to 6. 

(5) We say that p is hard if there is no increasing sequence of elements s of length 5 from 
Sucii m (M) such that: 

For all n < oj there is c n such that for every i < . . . < i n -\ < 5. d fsj , . . . , s in l ^j = c n . 
Example 5.15. k is a standard tree. Let p c = (c \ Suci; m (k) ,k,=) G P. Then p c is hard. 

Definition 5.16. Let p = {d, M, E) G P, x a variable and ^4 C Suci; m (M) a linearly ordered set. 

(1) Say that p is a d-type over A if p is a consistent set of equations of the form 

d (do, . . . , a n —ii x) = e where n < to, e < 8 and ao < . . . < o n _i 6 A. 

(2) Consistency here means that p does not contain a subset of the form 

{d(a , . . . ,a n -i,x) = e,d(ao, . . . ,a n -i,x) = e'} 

for e ^ e'. 
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(3) Say that p is complete if for every increasing sequence (a , . . . , a„_ x) from A there is such 
an equation in p. 

(4) If B C A then for a d-type p over A let 

p\ B = {d(a , . . .,a n -i,x) = e G p| o , ■ ■ - ,o n _i eB}. 

(5) For t G Suc lira (M), 

dtp(i/A) = {d(a ,...,a n -i,x) = s\ 

ao < ... < a n _i G A, a n _i < <,d p (a , . . . , a„_i,t) = e} . 

For an element t G Suci; m (Af), i |= p means that i satisfies all the equations in p when we 
replace dby d p . 

(6) Let R (A) be the set of all complete c?-types over A. 

Now we define the function q from P to P. 

Definition 5.17. For pgP, define q = q(p) = (Af q , d q , E n ) = (M, d, E) G P by: 

• M is the set of pairs a = (T,r]) = (T a ,r) a ) such that: 

(1) There is a < k such that rj : a — > Sucnm (M p ) and V : Lim (a) —5- R(M p ). Denote 
lg (r, rj) = lg (77) = a. If a is a successor ordinal, let Zrr.j?) = T] (a — 1) G M p . 

(2) For 13 < a limit, r (f3) £ R ({77 (/?') \0' <0}). 

(3) If < a then 77 (0) \= T (0) f 0- 

(4) For P' < (3 < a, 77 (/?') < 77 (/3) (77 is increasing in M p ). 

(5) If (3' < f3 < a are limit ordinals then T (/?') C T (f3). 

(6) If ^' < P < a and /?' is a limit ordinal then t}(J3) \=T (/?')• 

(7) For P < a, there is no t < 77 (/?) that satisfies 

(a) f G Suc Uln (Mp), 

(b) 77 (/?') < i for all /?' < P, 

(c) t h r (0) t 0, and 

(d) f h T ifi') for all limit /?' < /3. 

(8) The order on T is (r, 77) < (V, 77') iff T < V and 77 < 77' (where < means first segment). 
It follows that for a = (T, 77), lev (a) = lg (a). 

• d is defined as follows: suppose ao < • • • < a n -i G Sucii m (Af) and a,; = (Ti,r]i). 

Let rjj = Z ai = 77, (lg(aj) — 1) and p = T„_i (lg(a n _i) — 1). Let e G 9 be the unique 
color such that <i (fo, • ■ • , t n -i, x) = e G p. Then 

d (ao, . . . , o„_i) = pr (e, c (lev (a ) , . . . , lev (o n _i))) . 

• E 1 is defined as follows: (ri, 771) E (T3, 772) iff 

— lg (771) = lg (772), so equals to some a < k, 
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-7/1 t /3 = r/2 1 19, Ti f /3 = T 2 f /3 for all /? < a (so they are £ nb -equivalent), 

- Ti (0) r = T 2 (0) t 0, and 

— If a = f3 + n for (3 £ Lim (a) and n < to then for all ao < ct\ < ■ ■ ■ < otk—i < P, 

d {m (<*o) , • • • , Vi ("fc-i) j »7i (y9) , a;) = e G r x (/?) ^ 

d (r/2 («o) , ■ • ■ > m ("fe-i) j r/2 08) , x) = e £ T 2 (£) 

Note that it follows that if 1 < re, and (Ti, r/i) i5 nb (r 2 , t/ 2 ), then i\ (/3) = T 2 (/?) and 
7/1 (/3) = r/ 2 (/3), so they are E'-equivalent. 

In the next claims we assume that p £ P and q = q (p) . 

Remark 5.18. lev (a) = lg (a) for a £ M q and aE nh b iff lev (a) = lev (6) and a f a = 6 |" a for all 
a < lev (a). 

Claim 5.19. q£Pg. K and moreover it is hard. 

Proof. The fact that M q is a standard tree is trivial. Also. E refines E nh by definition. 

We must show that the number of .E-classes inside a given £? nb -class is bounded. 

Given a (partial) d-type p over M p and t £ M p , let p* be the set of equations we get by replacing 
all appearances of t by a special letter *. 

Assume that A is an i? nb -class contained in Sucii m (Mq), and that for every a £ A, lev (a) = a+l 
where a is limit. Assume a £ A and let B = {*} U im(r/ a ) \{Z a } (since A is an £ -class, this 
set does not depend on the choice of a). Consider the map e defined by a i— > T a (otf a . Then, 
a, b £ A are _E equivalent iff e (a) = e (b). Therefore this map induces an injective map from A/E 
to this set of types. The size of this set is at most 2l s l +9+N °. But \B\ = \a\ < k, and 9 < k by 
assumption, so |^4/J5| < k (as n is a strong limit). 

q is hard: if s = (sj | i < S) is a counterexample then (lev (si) \ i < 6) contradicts the choice of 
c. □ 

Proposition 5.20. 

(1) For all a £ Suc(M q ) ; lev Mq (a) < \ev Mp (l a ). 

(2) Assume t £ Sucu m (M p ). Then there is some a = (r,?/) £ M q such that l a = t. 

Proof. (1) Let levM q (a) = oi. Then (pre (rj a (/?)) | j3 < a) is an increasing sequence below l a , hence 
a < levAfp (Z tt )- 

(2) We try to build (T a ,r] a ) by induction on a < k so that (T a ,r] a ) £ M q ; lg (rj a ) = a; 
it is an increasing sequence in < q ; r\ a (j3) < t for f3 < a and if (3 is a limit then r a (/?) = 
dtp (V{r? Q (/?') </?}). 

We must get stuck in a successor stage, i.e. there is some (3 such that we cannot continue the 
construction for a = (3 + 1. In fact, we will get stuck at the latest in stage levM p (t) by (J]). 
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Define r\ = rjp U t)}, T = Tp unless /3 is a limit in which case let T (/?) be any complete type 
in x over {q (/3') \ /3' < (3} containing [j {r^ (/3') | /?' e Lim (/?) } U {d (x) = d p (t)}. 

By construction, (F, 77) S M q . □ 

Now we build a model in T using P: 

Definition 5.21. 

(1) Define po = p c (see Example 15. 15[) . and for n < u, let p n +i — q(Pn)- 

(2) Define P„ = M Pn , d n = d Pri and E n = E Pri . 

(3) Let M c = Un<w ^« ( we assume that the P n 's are mutually disjoint). So P„ c = P„. 

(4) M c \= when we interpret the relations in the language as they are induced from each 
P n and in addition: 

(5) Define G* /c : Sue (P„) — > Sue (P n +i) as follows: let a S Sue (P ra ) and a' = sue (lim (a) , a). 
By the claim above, there is an element (r, rj) a € Sue (P„ + i) such that ltr,ri) = a '' Choose 
such an element for each a, and define Gff c (a) = (T,rf) a . 

Corollary 5.22. M c e T. 

Proof. All the demands of Definition 15 . 2 1 are easy. For instance, clause follows from Proposition 
15.201 Clause (0| follows from the fact that if (sj | i < S ) is an increasing sequence in P„ such that 
Sj = Sj (mod u>) then (sue (lim (s^) , Sj) | i < 5) is increasing, so J<; n ( Si ) 7^ ^G n (s ) f° r * 7^ ^ 

Notation 5.23. Again, we do not write the index p„ when it is clear from the context (for instance 
we write d (sq, . . . , Sfe) instead of d Pn (so, . . . , Sfc))- 

Lemma 5.24. Assume that s g HNind a ; (M c ) and i ~ H (s) E HNind a ; (M c ) ('see DeHnition \5.11\) 
satisfy that for all i < <5: 

• sue (lim (sj A Si+i) , Sj) = Si, and 

• sue (lim (U A ) , f ;) = U . 

Claim 5.25. Then, if Ui = sue (lim (sj A Sj+i) , Sj+i) and = sue (lim (ij A , ij+i) for i < 6, 
then: 

(1) (d (u.i) 1 < i < 5) is constant. 

(2) <i (wi , . . . , iti n ) = 7Ti (<i («i , . . . , Vi,^)) for 1 < io < . , . < i n < 5 (recall that tti is defined 
by 7Ti (pr(i, j)) = i). 

Proof. (1) By definition, i,; = G(u,). Denote i,; = [Ti,rji). As (i; A ti + \ \ i < 5) is an increasing 
sequence (because i e HNind ai (M c )), < lev (h A t 2 ). Let p = r tlAf2 (0) \ 0. Then p = Ti (0) f 
for all 1 < i (it may be that t\ A to = and in this case we have no information on to)- Assume 
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that p = {d(x) = e} for some e < 8. Then, by Definition 15.171 clauses ^ and ©, d(r)i (/?)) = e 
for all 1 < i < 6 and (3 < lg (r/i). As u,; = Z ti we are done. 

(2) Denote Vi = (1^,7^). By our assumptions on i, tiE nh Vi hence if i is increasing then v = t. 
Assume that it is not increasing. Then ti Ai,;+i < i,; so lim (i,; A ti+i) = ti AU + i. Let a.; = /3j + 1 = 
lev (tj) = lg (17^), then /3j is a limit ordinal and ij f /3, = f /?,;. By the same argument as before, 
for 1 < i, T' t (0) t = T t (0) t = P and T' t \ fa = T t \ ft. 

Note that for 1 < i, l ti and l Vi are both below u i+ i = lt i+1 (as V{ < t i+ i and l ti = Uj < u i+ i), 
that they both satisfy p and that they both satisfy the equations in T (/3) for each limit j3 < ft, 
so if for instance Zt< < lv< > we will have a contradiction to Definition 15.171 clause ([7]) . 

So, in any case (whether or not i is increasing), we have l Vi = lt i = ui. 

By choice of v and the assumptions on t, v is increasing so d is defined on finite subsets of it. 
Assume 1 < zq < . . . < i n < 6. Then for every a < 6, by the choice of d in Definition 15. 171 

7Ti (d(Uto)--->«»„-i)) = cr iff 

B d , • ■ • > ^ , x) = <r e (ft„_0 iff 

El d (z„ io , . . . =(76^ (ft„_J (because I\ |" Q!iB _ 1 = \ a ln _,) iff 

Kl d (l Via , ■ ■ ■ , Ivi _! i J = 17 (this follows from clause ((6]) of Definition I5.17P iff 
Kl d (itj , . . . , «i n ) = cr (because ^ = itj). 

□ 

Corollary 5.26. If s G HNind a i (M c ) then there must be some n < lo such that (s) G 

HNind/ (M c ) (see Defimtion\5A^). 

Proof. If not, by Corollary 15. 131 for all n < w, (s) G HNind a ; (M c ). Moreover, there exists 
some K < lo such that for all K < n, if t = H^ n ' (s) then sue (lim (ti A ij+i) , ij) = ij. Without 
loss, K = (i.e. this is true also for s). 

Claim. If s is such a sequence then d (ui , . . . , is constant for all 1 < io < . . . < i n -i < 8 

where Ui = sue (lim (sj A s^+i) , Si+i) for i < S. 

Proof, (of claim) Prove by induction on n using Lemma 15.241 □ 
But this claim contradicts the fact that for all k < lj, pk is hard. □ 

Lemma 5.27. If s G HNind a i (M c ) and i = H (s) G HNind/ (M c ) then -> (v t Evj) for i < j < S 
where Vi = sue (lim (ti+\ A U) , ti). 

Proof. Let t = to A t\, so t = U A t, for all i < j < 5. Let Uj = sue (t, rjj). As ti 7^ for i < j < 8, 
Ui 7^ Uj. In addition 

iui < = suc ( nm ( s i A s i+l) ) s 'i+l) < s i+l A s i+2 
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and (sj A s i+1 | i < 5) is increasing so l Ui and l Uj are comparable. 



First assume that a = lev (i) > 0. Then T t (0) = T u (0) for i < 5. For all i < j < 6, 
Lt h r„ 3 (0) r 0, l*i is greater than r] Uj (fi) = r? t (/3) for all /? < a and Z Uj |= r„. (/?) = T t (/?) for 
all limit j3 < a. So by Definition 15. 17[ clause ([7|, l Ui = l Uj , so rj Ui = r\ u . for all i < j < 6. 

But since itj ^ Uj, it necessarily follows that T Ui ^ T Uj . If a = f3 + 1 for some /3, then by 
choice of q, T Ui = T Ui \ a = T t (because T was defined only for limit ordinals). So necessarily a 
is a limit, and it follows that lim (t) = t so = u^. Now it is clear that T Vi (a) ^ T v . (a) and by 
definition of E, -i (viEvj) for all i < j < 5. 

If q: = 0, then as before = u, (because lim (t) = t). We cannot use the same argument 
(because F t (0) is not defined), so we take care of each pair i < j < S separately. If T Vi (0) \ = 
T Ui (0) \ then the argument above will work and -. (viEvj). If r„ t (0) \ ^ r Uj (0) f 0, then 
—<(viEvj) follows directly from the definition. □ 

Finally we have 

Corollary 5.28. If s G HNind a i (M c ), t/ien t/iere is some v £ HNind/ (M c ) such that vi = 
sue (lim (vi) , «i), ViE nh Vj but -i (viEvj) for i < j < S. 

Proof. By Corollarv l5.26l there is some minimal n < cj such that t = H^ n+1 ' (s) € HNind/ (M c ). 
Let i>j = sue (lim (tj+i /\ti),ti) for j < (5. By Lemma [5.271 we have that ViE nh Vj but -<{ViEvj) 
for i < j < S (in particular t>.j ^ w^). So necessarily t = ti A tj is a limit and = sue (£, Wj). □ 

Corollary 5.29. If there is some s £ ind (M c ) and s,; G Po /or a/^ i < 8, then there is some 
v G ind/ (M c ) such that Vi G Suci; m (M c ), ViE nh Vj but -> (viEvj) for i < j < S. 

Proof. Since Po = any sequence s in ind (M c ) in Po must be increasing. So by the last corollary 
there is some v G HNind/ (M c ) like there. But then there is some n < us such that (v n i \ i < S) is 
indiscernible. □ 

End of the proof of Theorem 14.11 

Assume that M\, A\ are the model and sets guaranteed by the induction hypothesis for A < k. 
We may assume they are disjoint. Let N be a model of Tg' containing M\ for A < k (N exists 
by JEP), and let A = [j {A x | A < n] C N. Let N c (= T^- e be a model such that N c \ L s D M c . 
Let 5" = UJ> 1 (finite sequences of zeros). We may think of N c as a model of T^f . Denote 
0„ = (0,...,0) where lg(0 n )=n. 

We use the construction (*) and S' to build a model M of Tg' : 



• For all n < tv, let M$ n = N. 

• Define G^ 1 Q » as follows: 



- Recall that P^ D P™° 



M p „. Assume that P C Suci im (P^) 



is an E class. By 



definition, \B/E Pn \ < k. 
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— Choose some enumeration of the classes {c^ | i < \B/E Pn \}, and an enumeration 
A\b/e p | 2 {a? \i < \B/E Pn \} of pairwise distinct elements. Now, G^ 1 Q a . maps 
every class c, (i.e. every element in a) to aj. Define Q on other elements in 
P^ by regressiveness. Outside of P^ c , define Q ^.^ arbitrarily as long as it is 
regressive. 

Let A = Such m (p^ a ^j, i.e. A = Sucn m (k). Assume for contradiction that A contains a 5- 
indiscernible sequence. 

By Corollary 15.291 there is n < u> and an indiscernible sequence v in Suci; m (Pq ) such that 
for i < j < S, ViE nh Vj but -i (viEvj). So (^G^ 1 Q (Uj) i < #\ is a non-constant indiscernible 
sequence in A^ VQ / E „by Ep | — a contradiction. 

6. Further comments 

Strongly dependent theories. 

Strongly dependent theories are a sub-class of dependent theories. They were introduced and dis- 
cussed in |Shel2[[She09| as a possible solution to the equation dependent / x = stable / superstable. 
There, the author also introduced other classes of smaller sub-classes, namely strongly' dependent 
for I = 2,3,4. Groups which are strongly 2 dependent are discussed in |KS11| . The theories of the 
reals and the p-adics are both strongly dependent, but neither is strongly 2 dependent. 

As we said in the introduction, in |Shel2] it is proved that ^\t\+ W ~> (^ + )tu f° r strongly 
dependent T and n < co. 

In |KS12] we show that in R there is a similar phenomenon to what we have here, but for 
w-tuples: there are sets from all cardinalities with no indiscernible sequence of w-tuples (up to the 
first strongly inaccessible cardinal). This explains why the theorem mentioned was only proved 
for n < lj. 

The example we described here is not strongly dependent, but it can be modified a bit so that 
it will be, and then give a similar theorem for strongly dependent theories (or even strongly 2 
dependent), but for w-tuples. 

Here are the definitions: 

Definition 6.1. A theory T is said to be not strongly dependent if there exists a sequence of 
formulas (ipi (x, yi)) (where x, yi are tuples of variables), an array (ciij \i, j < u> ) (lg (dij) = lg (y)) 
and tuples (b^ | 7/ : u) — > u> ) (lg (b^) = lg (x)) such that |= ipi {b v , ca.j) •O- rj (i) = j. 

Notation 6.2. We call an array of elements (or tuples) {cnj \ i, j < w) an indiscernible array 
over A if for iq < u>, the io-row {a,i j \j < lu) is indiscernible over the rest of the sequence 
({ a i,j I * 7^ *0: hj < UJ }) aiK1 A, i.e. when the rows are mutually indiscernible. 
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Definition 6.3. A theory T is said to be not strongly 2, dependent if there exists a sequence of 
formulas (ifi (x,yi,z.i) \ i < w), an array (flij \i,j < u>) and bk £ {ciij \ i < k,j < lj} such that 

• The array (aj j | i, j < w) is an indiscernible array (over 0). 

• The set {ifi (a;, a^o, &j) A -npi (x, a^i,^) i < w} is consistent. 

Theorem 6.4. For every there is a strongly 2 dependent theory T of size 9 such that for all k 
and S, k — > (S) Tlj iff k — > {S)^ w . 

Proof. First note that the easy direction works the same way as before. 

For n < lu let T% be the theory defined in Definition for S„ = "-2. Let T be the theory 
^2 n <uj Tn : the language is {Q n n < lu} U {i?™ | R £ L e Sn } where Q n are unary predicates, and 
the theory says that they are mutually disjoint and that each Q n is a model of T®. It is easy to 
see that this theory is complete and has quantifier elimination. Denote S = u -2 as before. If AI 
is a model of T|, then AI naturally induces a model N oiT (where Q 1 ^ = (AI x {n}) \ L e s ). For 
all a £ AI, let f a £ T[ n<ul Qn be defined by f a (n) = (a, n) for n < u>. Now, if A C P¥ is any 
set with no ^-indiscernible sequence then the set {f a a £ A} is a sequence of w-tuples with no 
indiscernible sequence of length d. 

By Remark 13.241 it follows that each T n is strongly 2 dependent, and so also T. □ 

Comments about the proof. 

We would like to explain some of the choices made through the proof. 

(1) Why did we use discrete trees and not dense ones (as in |KS12| )? 

This is because indiscernible sequences could be in a diagonal comb situation (i.e. in 
indai), and we needed the ability to make an element be a successor to the meet (otherwise 
we have no control on its coloring). Trial and error has shown that adding the function 
"successor to the meet" instead of just successor causes the lost of amalgamation, so we 
needed the successor function. The predecessor function is not necessary (in existentially 
closed models, if x > lim^ (x), x has a predecessor), but there is no price to adding it, and 
it simplify the theory a bit. 

(2) Why did we need the regressiveness in the definition of Tp 

Because otherwise there is no quantifier elimination: for a <, n b we can ask whether 

3x (a < m x < m b A G Vum (x) ^ G m . m (b)) . 

This formula is not equivalent to a quantifier free formula without regressiveness, because 
for every m we can find a, b and a', b' such that ab = m a'b' but one of the pairs satisfies 
the formula and the other does not. 

(3) Why in the definition of q we demanded that the image of rj is in Sucn m and that T is 
relevant only in limit levels? 
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Had we given Y the freedom to give values in every ordinal, then the "fan" (i.e. the 
sequence in hid/) which we got in the end (in Lemma I5.27P might not have been in a 
successor to a limit level, so we would have no freedom in applying G on it. As Y is 
relevant only for limit levels, the coloring was defined only on sequence in Sucii m , so we 
needed 77 to give elements from there. 
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